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Abstract
The local connectivity κ(u, v) of two vertices u and v in a graph G is the maximum number of internally disjoint u–v paths in
G, and the connectivity of G is defined as κ(G) = min{κ(u, v)| u, v ∈ V (G)}. Clearly, κ(u, v) ≤ min{d(u), d(v)} for all pairs u
and v of vertices in G. Let δ(G) be the minimum degree of G. We call a graph G maximally connected when κ(G) = δ(G) and
maximally locally connected when
κ(u, v) = min{d(u), d(v)}
for all pairs u and v of vertices in G. In 1993, Topp and Volkmann [J. Topp, L. Volkmann, Sufficient conditions for equality of
connectivity and minimum degree of a graph, J. Graph Theory 17 (1993) 695–700] proved that a p-partite graph of order n(G) is
maximally connected when
n(G) ≤ δ(G) · 2p − 1
2p − 3 .
As an extension of this result, we will show in this work that these conditions even guarantee that G is maximally locally connected.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Terminology and introduction
We consider finite graphs without loops and multiple edges. The vertex set of a graph G is denoted by V (G).
For a vertex v ∈ V (G), the open neighborhood NG(v) = N (v) is the set of all vertices adjacent with v and
NG[v] = N [v] = N (v) ∪ {v} is the closed neighborhood of v. The numbers |V (G)| = n(G) = n and
|N (v)| = dG(v) = d(v) are called the order of G and the degree of v, respectively. The minimum degree of a
graph G is denoted by δ(G) = δ.
The connectivity κ(G) of graph G is the smallest number of vertices whose deletion disconnects the graph or
produces the trivial graph (the latter only applying to complete graphs). The local connectivity κG(u, v) = κ(u, v)
between two distinct vertices u and v of a graph G is the maximum number of internally u–v paths in G. It is a
well-known consequence of Menger’s theorem [11] that
κ(G) = min{κG(u, v)|u, v ∈ V (G)}. (1)
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It is straightforward to verify that κ(G) ≤ δ(G) and κ(u, v) ≤ min{d(u), d(v)}. We call a graph G maximally
connected when κ(G) = δ(G) and maximally locally connected when κ(u, v) = min{d(u), d(v)} for all pairs u and
v of vertices in G. For other graph theory terminology we follow Chartrand and Lesniak [4].
Because of κ(G) ≤ δ(G), there exists a special interest in lower bounds on κ(G) and maximally connected graphs.
Different authors have presented such results, for example Balbuena, Carmona, Fa`brega and Fiol [1], Bondy [2],
Chartrand and Harary [3], Esfahanian [5], Fa`brega and Fiol [6,7], Fiol [8], Hellwig and Volkmann [9], Kane and
Mohanty [10], Soneoka, Nakada, Imase and Peyrat [12], Topp and Volkmann [13] and Watkins [14]. However, closely
related investigations for the local connectivity have received little attention until recently. In this work we will give
some such results.
Observation 1.1. If a graph G is maximally locally connected, then it is maximally connected.
Proof. Since G is maximally locally connected, we have κ(u, v) = min{d(u), d(v)} for all pairs u and v of vertices
in G. Thus (1) implies
κ(G) = min
u,v∈V (G){κ(u, v)} = minu,v∈V (G){min{d(u), d(v)}} = δ(G). 
In 1993, Topp and Volkmann have proved the following result on maximally connected graphs.
Theorem 1.2 (Topp, Volkmann [13] 1993). Let p ≥ 2 be an integer. If G is a p-partite graph such that
n(G) ≤ δ(G) · 2p − 1
2p − 3 ,
then κ(G) = δ(G).
Using Theorem 1.2, we will show in this work that the conditions of Theorem 1.2 even guarantee that G is
maximally locally connected.
2. Main results
Theorem 2.1. Let G be a non-complete graph of order n, and let u and v be two distinct vertices of G.
(i) If u and v are nonadjacent, then
κG(u, v) ≥ dG(u)+ dG(v)+ 2− n. (2)
(ii) If u and v are adjacent, then
κG(u, v) ≥ dG(u)+ dG(v)+ 1− n (3)
and equality in (3) is only possible in the case where dG(u)+ dG(v) ≥ 2δ(G)+ 1.
Proof. Let A = NG(u)− NG(v), B = NG(v)− NG(u) and C = NG(u) ∩ NG(v). If u and v are nonadjacent, then
κG(u, v) ≥ |C | ≥ |C | + (|A| + |B| + |C |)− (n − 2)
= dG(u)+ dG(v)+ 2− n
and (2) is proved. If u and v are adjacent, then we obtain (3) as follows:
κG(u, v) ≥ |C | + 1 ≥ (|C | + 1)+ (|A| + |B| + |C |)− n
= dG(u)+ dG(v)+ 1− n. (4)
Suppose that u and v are adjacent such that dG(u) = dG(v) = δ(G) and κG(u, v) = dG(u)+dG(v)+1−n. These
conditions imply equality in (4), and thus we observe that there are no edges between A − {v} and B − {u}. Because
of dG(u) = dG(v) = δ(G), we deduce that (A ∪ B)− {u, v} = ∅ and so C induces a clique. Hence it follows that G
is a complete graph. This contradiction to the hypothesis completes the proof of Theorem 2.1. 
Corollary 2.2 (Chartrand, Harary [3] 1968). If G is a non-complete graph, then
κ(G) ≥ 2δ(G)+ 2− n(G).
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Theorem 2.3. Let p ≥ 2 be an integer, and let G be a p-partite graph. If
n(G) ≤ δ(G) · 2p − 1
2p − 3 ,
then κG(u, v) = min{dG(u), dG(v)} for all pairs of distinct vertices u and v in G.
Proof. Let u and v be any two distinct vertices of G, and let n = n(G) and δ = δ(G). If min{dG(u), dG(v)} = δ(G),
then Theorem 1.2 and (1) imply that
δ(G) = κ(G) ≤ κG(u, v) ≤ min{dG(u), dG(v)} = δ(G),
and we are done. Thus assume in the following that min{dG(u), dG(v)} ≥ δ(G) + 1. Let now V1, V2, . . . , Vp be the
partite sets of G, and define d = min{dG(u), dG(v)}.
Case 1. Assume that u and v are nonadjacent. Suppose on the contrary that there exists a vertex set S with |S| ≤ d−1
that separates u and v. Let G1 be the component of G − S such that u ∈ V (G1), and let G2 = G − (V (G1) ∪ S),
such that v ∈ V (G2). Furthermore, define Si = S ∩ Vi , Vi, j = Vi ∩ V (G j ) and Wi, j = (V (G j ) ∪ S) − (Vi, j ∪ Si )
for i ∈ I = {1, 2, . . . , p} and j = 1, 2. In addition, let I j be the subset of I , where i ∈ I j if and only if Vi, j 6= ∅ for
j = 1, 2, and define t = |I1| and r = |I2|.
Let x be any vertex of G j , say x ∈ Vi, j for some i ∈ I j and j ∈ {1, 2}. Then NG(x) ⊆ (V (G j )−Vi, j )∪(S−Si ) =
Wi, j and so |Wi, j | ≥ δ(G) for i ∈ I j and j ∈ {1, 2}. In particular, there exists an index τ ∈ I1 such that
|Wτ,1| ≥ dG(u) ≥ d and one index µ ∈ I2 such that |Wµ,2| ≥ dG(v) ≥ d. Because of |S| ≤ d − 1, we observe that
t, r ≥ 2. Furthermore, we note that |V (G1)| = n(G)− |S| − |V (G2)| ≤ n(G)− |S| − |I2| and |Si | ≤ n(G)− δ(G)
for each i ∈ I . If we assume, without loss of generality, that t ≤ r , then we deduce from the inequalities above that
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≤ (t − 1)(n − |V (G2)| − |S|)+ (r − 1)|V (G2)| + (t + r − 2)|S| + (2p − t − r)(n − δ)
≤ (t − 1)n + (r − t)(n − |S| − t)+ (r − 1)|S| + (2p − t − r)(n − δ).
This implies that
δ(2p − 2)+ t (r − t) ≤ n(2p − t − 1)+ (t − 1)|S| − 2d.
Using the assumption |S| ≤ d − 1 and the hypothesis n ≤ δ · 2p−12p−3 , we obtain
δ(2p − 2)+ t (r − t) ≤ n(2p − t − 1)+ (t − 1)(d − 1)− 2d
= n(2p − t − 1)+ (t − 3)d − t + 1
≤ δ · 2p − 1
2p − 3 (2p − t − 1)+ (t − 3)d − t + 1. (5)
Subcase 1.1. Assume that t = 2. It follows from (5) that
δ(2p − 2)+ 2(r − 2) ≤ δ · 2p − 1
2p − 3 (2p − 3)− d − 1,
and since d ≥ δ + 1, this leads to the contradiction
2(r − 2)+ d − δ ≤ −1.
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Subcase 1.2. Assume that t ≥ 3. Using the bound d ≤ dG(u) ≤ n ≤ δ · 2p−12p−3 , inequality (5) implies
δ(2p − 2)+ t (r − t) ≤ δ · 2p − 1
2p − 3 (2p − t − 1)+ (t − 3)δ ·
2p − 1
2p − 3 − t + 1
= δ · 2p − 1
2p − 3 (2p − 4)− t + 1.
This yields
δ(2p − 2)+ t (r − t)− δ · 2p − 1
2p − 3 (2p − 4) ≤ 1− t < 0,
and we arrive at the contradiction
2δ + (2p − 3)t (r − t) < 0.
Case 2. Assume that u and v are adjacent. If we define the p-partite graph H = G − uv, then δ(H) = δ(G), n(H) =
n(G), dH (u) = dG(u)− 1 and dH (v) = dG(v)− 1. The investigations above lead to κH (u, v) = min{dH (u), dH (v)},
and thus we obtain the desired result
κG(u, v) = κH (u, v)+ 1 = min{dG(u), dG(v)}.
Since we have discussed all possible cases, the proof of Theorem 2.3 is complete. 
In [13], the authors have shown that the condition n ≤ δ(2p − 1)/(2p − 3) in Theorem 1.2 is best possible in the
sense that for any positive integers p, δ, q, n with p, q ≥ 2, δ = q(2p − 3) and n = δ(2p − 1)/(2p − 3) + 1 =
q(2p − 1) + 1 there exist p-partite graphs G of order n, minimum degree δ and connectivity κ < δ. Consequently,
Theorem 2.3 is also best possible in this sense.
In addition, let p ≥ 2 be an integer. For an integer k ≥ 1 define δ = k(p − 1)(2p − 3). The complete p-
partite graph G consisting of p− 1 partite sets of cardinality δ/(p− 1) = k(2p− 3) and one partite set of cardinality
2δ/(2p−3) = 2k(p−1) shows that there exist irregular examples with n = (δ(2p−1))/(2p−3), which demonstrate
that Theorem 2.3 really differs from Theorem 1.2.
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